Abstract. The dependence of the nucleon mass on the mass of the pion is studied in the framework of the chiral quark-soliton model. A remarkable agreement is observed with lattice data from recent full dynamical simulations. The possibility and limitations to use the results from the chiral quark soliton model as a guideline for the chiral extrapolation of lattice data are discussed.
Introduction
The formulation of QCD on a discrete, finite Euclidean lattice [1] is at present the only strict and modelindependent approach allowing to solve QCD in the lowenergy regime and to study, e.g., the hadronic spectrum from first principles [2] . Numerical lattice QCD simulations face technical problems, such as discretization errors or finite-size effects, which are attacked and minimized with increasing success by employing improved versions of discretized actions, or by working on larger lattices available thanks to the steadily growing computer power. Still, present lattices are too small to accommodate the pion as light as it appears in nature [3] [4] [5] [6] [7] [8] [9] [10] [11] .
The tool needed to extrapolate lattice data from the region of nowadays typically m π 400 MeV down to the physical value of the pion mass is, in principle, provided by the chiral perturbation theory (χPT). The χPT is an effective but rigorous approach to the description of low-energy phenomena of strong interactions [12] [13] [14] . It is based on the concept of spontaneous chiral symmetry breaking with the pion as the Goldstone boson which acquires a small mass only due to explicit chiral symmetry breaking by the small current masses of the light quarks. χPT allows to address such questions like, e.g., how much do baryon masses change if one "switches" on the masses of light quarks and varies their values.
In order to extrapolate reliably lattice data by means of χPT it is important to ensure the convergence of the chiral expansion up to large values of m π . A first and a e-mail: peter.schweitzer@tp2.ruhr-uni-bochum.de promising matching of χPT and lattice results was reported, and it was established that the chiral expansion is well under control up to m 2 π < 0.4 GeV 2 [15] [16] [17] [18] , see also [7] . More conservative estimates, however, indicate that the chiral expansion is reliable only up to m 2 π < 0.1 GeV 2 [19] . The progress in computing power promises future lattice data at still lower pion masses and eventually at the physical point, which will improve the situation and make disappear this problem. In the meantime, however, it would be desirable to have a description of an intermediate region of pion masses, that would provide a safe overlap between the regime of the validity of χPT and the lattice data.
In this situation it is interesting to consider studies in chiral models -in particular, if they allow to go beyond the range of m π where χPT is applicable. However, the inevitable prize to pay for the extended range of applicability compared to χPT is model dependence, which introduces hardly controlable systematic uncertainties. Keeping this point critically in mind, such studies may nevertheless provide helpful insights.
In refs. [20] [21] [22] [23] [24] the concept was introduced and developed to regularize chiral loops by means of suitable vertex form factors, referred to as "finite-range regulators" (FRR) and intended to simulate physical effects of the pion cloud which has a finite range due to m π = 0. As argued in [24] , the FRR method corresponds in some sense to a (though model-dependent) chiral resummation reliable up to m 2 π < 1 GeV 2 . While being physically intuitive and appealing, the approach was critisized to be unsatisfactory from a field-theoretic point of view, since it gives preference of one ("finite range") regularization scheme to another (e.g., "dimensional") regularization scheme [15] .
In this work we address the question how the nucleon mass depends (implicitly) on the pion mass in another effective approach, namely in the chiral quark soliton model (χQSM) [25, 26] . This model was derived under certain assumptions from the instanton model of the QCD vacuum [27, 28] , which provides a dynamical picture of the chiral symmetry breaking mechanism [29] . In this model the nucleon appears as a soliton of the chiral pion mean field in the limit of a large number of colours N c . The model provides a theoretically consistent description of numerous baryonic quantities ranging from static properties [30, 31] over "usual" [32] till "generalized" parton distribution functions [33] , which -as far as these quantities are known-agree with phenomenology to within % at the physical point.
Here -focussing on the nucleon mass M N -we present the first study in the χQSM at non-physical pion masses m π covering the wide range 0 ≤ m π ≤ 1500 MeV. We make several remarkable observations. First, stable soliton solutions do exist in this range of pion masses. Second, we demonstrate that the model correctly describes also the heavy quark limit. In the opposite limit m π → 0, which does not commute with large-N c limit [12, 34] , the χQSM is known to exhibit a chiral behaviour and to incorporate leading non-analytic terms, which are at variance with the real-world QCD with a finite number of colours N c = 3, but in agreement with its formulation in the limit N c → ∞ [35] [36] [37] . This is consistent as the model is defined in this limit. Third, we show that the χQSM provides a satisfactory description of the variation of the lattice data on M N with m π in the considered range of pion masses.
Partly, we provide explanations for these observations. Partly, however, they shall remain puzzles to be resolved upon further studies in the model. This note is organized as follows. In sect. 2 the χQSM is introduced and model results for M N (m π ) are presented, which we compare to lattice QCD in sect. 3. In sect. 4 we discuss the limitations for using the model quantitatively to extrapolate lattice data, and compare in sect. 5 to χPT and the FRR approach. Sect. 6 contains the conclusions. Technical details and a digression on the pion-nucleon sigma-term can be found in the appendices.
Pion and nucleon in the effective theory
Let us consider the effective theory which was derived from the instanton model of the QCD vacuum [27, 28] and is given by the partition function [38, 39] 
where U = exp(iτ a π a ) denotes the SU (2) chiral pion field with U γ5 = exp(iγ 5 τ a π a ), and M is the dynamical ("constituent") quark mass due to spontaneous breakdown of chiral symmetry, and m = m u = m d is the current quark mass. We neglect throughout isospin breaking effects.
The effective theory (1) is valid at low energies below a scale set by the inverse of the average instanton size ρ −1 av ≈ 600 MeV. The dynamical mass is momentum dependent, i.e. M = M (p), and goes to zero for p ρ −1
av . In practical calculations it is convenient to replace M (p) by a constant mass M , and to regularize the effective theory within an appropriate regularization scheme with a cutoff Λ cut = O(ρ −1 av ). In the present work we use M = 350 MeV from the instanton vacuum model [29] .
In the effective theory (1) chiral symmetry is spontaneously broken and a non-zero quark-vacuum condensate ψ ψ ≡ vac|(ψ u ψ u +ψ d ψ d )|vac appears which is given in leading order of the large-N c limit by the quadratically UV-divergent Euclidean loop integral
where I 1 is its proper-time regularized version, see appendix A, and M ≡ M + m. Note that in QCD strictly speaking ψ ψ is well defined only in the chiral limit. The pion is not a dynamical degree of freedom in the theory (1). Instead the dynamics of the pion field appears only after integrating out the quark fields which yields the effective action
where the dots denote the four-derivative GasserLeutwyler terms with correct coefficients, the WessZumino term, terms ∝ m (and an infinite series of higherderivative terms) [26] . The pion decay constant f π = 93 MeV in eq. (3) is given in the effective theory by the logarithmically UV-divergent loop integral (whose regularized version we denote by I 2 , see appendix A)
The mass of the pion can be determined from the position of the pole of the pion propagator in the effective theory (1). Its relation to the current quark mass is given by the equation (for the I i see appendix A)
which, for small current quark masses m, corresponds to the Gell-Mann-Oakes-Renner relation
The χQSM is an application of the effective theory (1) to the description of baryons [25, 26] . The large-N c limit allows to solve the path integral over pion field configurations in eq. (1) in the saddle point approximation. In the leading order of the large-N c limit the pion field is static, and one can determine the spectrum of the one-particle Hamiltonian of the effective theory (1)
The spectrum consists of an upper and a lower Dirac continuum, distorted by the pion field as compared to continua of the free Dirac-Hamiltonian
and of a discrete bound-state level of energy E lev , if the pion field is strong enough. By occupying the discrete level and the states of the lower continuum each by N c quarks in an anti-symmetric colour state, one obtains a state with unity baryon number. The soliton energy E sol is a functional of the pion field 
with the radial (soliton profile) function P (r) and r = |x|, e r = x/r. The nucleon mass M N is given by E sol [U c ]. The self-consistent profile satisfies P c (0) = −π and decays in the chiral limit as 1/r 2 at large r. For finite m it exhibits a Yukawa tail ∝ exp(−m π r)/r with the pion mass m π connected to m by relation (5) .
For the following discussion we note that the soliton energy can be rewritten as an expansion in powers of ∂ µ U as follows:
where F k [(∂U ) k ] symbolically denotes a functional in which ∂ µ U appears k-times (appropriately contracted). Note that in the leading order of the large-N c limit the soliton field is time independent, i.e. ∂U is just ∇U . For some observables the lowest orders in expansions analog to (11) were computed [30] [31] [32] [33] .
Let us also remark that in the case m u = m d = m s the above given formulae for the soliton energy in the SU (2) version of the model coincide with those from the SU (3) version [31] .
In order to describe further properties of the nucleon, it is necessary to integrate over the zero modes of the soliton solution in the path integral, which assigns a definite momentum, and spin and isospin quantum numbers to the baryon. Corrections in the 1/N c -expansion can be included by considering time-dependent pion field fluctuations around the solitonic solution. The χQSM allows to evaluate baryon matrix elements of local and non-local QCD quark bilinear operators like B |Ψ Γ Ψ |B (with Γ denoting some Dirac and flavour matrix) with no adjustable parameters. This provides the basis for the wide range of applicability of this model [30] [31] [32] [33] .
The mass of the nucleon in the large-N c limit
If one managed to solve QCD in the limit N c → ∞ one would in principle obtain for the mass of the nucleon an expression of the form (let the M i be independent of N c )
The χQSM provides a practical realization of the large-N c picture of the nucleon [40] , and respects the general large-N c counting rules. In the leading order of the large-N c limit one approximates in the χQSM the nucleon mass by the expression for the soliton energy in eq. (9), i.e. one considers only the first term in the expansion (12) 
where the cutoff in the regulator function R, see appendix A, is chosen such that for m π = 140 MeV the physical value of the pion decay constant f π is reproduced. We observe an overestimate of the physical value M N = 940 MeV by about 30%. This is not surprising, given the fact that we truncate the series in eq. (12) after the first term and thus neglect corrections which are generically of O(1/N c ), i.e. of the order of magnitude of the observed overestimate. In fact, the soliton approach is known to overestimate systematically the physical values of the baryon masses because of -among others-spurious contributions due to the soliton center-of-mass motion [41] . Taking [41] .) We shall keep in mind this systematic overestimate, when we will discuss lattice data below.
The chiral limit
In the following we will be interested in particular in the pion mass dependence of the nucleon mass. From χPT we know that
where the dots denote terms which vanish faster than m 3 π with m π → 0. The constants M N (0) and A (which is related to the pion-nucleon sigma-term) serve to absorb infinite counter-terms in the process of renormalization in χPT -in the sense of renormalizability in χPT. However, the constant B, which accompanies the so-called leading non-analytic (in m, since m
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with k = 1 for finite N c . However, the limits m π → 0 and N c → ∞ do not commute. If we choose first to take N c → ∞ while keeping m π finite, and only then we consider the chiral limit, then k = 3. The reason for that is the special role played by the ∆-resonance. In the large-N c limit the nucleon and the ∆-resonance become mass-degenerated
Taking N c → ∞ while m π is kept finite, one has M ∆ − M N m π and has to consider the contribution of the ∆-resonance as intermediate state in chiral loops on equal footing with the contribution of the nucleon. The contribution of the ∆-resonance appears (in quantities which do not involve polarization) to be twice the contribution of the nucleon, hence k = 3 [37] . This is the situation in the χQSM and, in fact, in this model one recovers [36] the correct (in the large-N c limit) leading non-analytic term in eq. (15).
The heavy quark limit
The χQSM is based on chiral symmetry which consideration makes sense only when explicit chiral symmetry breaking effects are small. Nevertheless one can consider the model, in principle, for any value of m. In this context let us first note that taking the limit of a large current quark mass m → m Q in eqs. (2), (4), (5) yields, see table 1
which is the correct heavy quark limit for the mass of a meson (see sect. 2.4 on details of parameter fixing). What happens to the mass of the soliton in this limit? Consider the eigenvalue problem in eq. (7). With increasing m→ m Q the "potential term" M U γ5 is less and less important and the spectrum of the full Hamiltonian (7) becomes more and more similar to the spectrum of the free Hamiltonian (8) . In this limit the eigenvalues of the full and free Hamiltonian nearly cancel in the sum over energies in eq. (9) . Only the contribution of the discrete level is not compensated and approaches E lev ≈ m Q . Thus, we recover the correct heavy quark limit
2 Though in the χQSM one cannot handle O(N 0 c ) corrections to MN , still one is able to describe consistently the mass difference (M∆ − MN ) and to reproduce the large-Nc counting rule in eq. (16) by considering a class of particular (so-called "rotational") 1/Nc corrections [28] . In the soliton picture ∆ and nucleon are just different rotational states of the same classical soliton. In this note we do not consider rotational corrections and work to leading order in the large-Nc expansion. Table 1 . The dependence on the pion mass for fixed fπ = 93 MeV in the χQSM. All numbers are in units of MeV. Rows 2,3,4: current quark mass m, cutoff of the effective theory Λcut, and quark vacuum condensate ψ ψ depend on mπ according to eqs. (2), (4), (5) . Λcut is of the order of magnitude of the inverse of the average instanton size ρ −1 av ≈ 600 MeV. Note that in QCD -in contrast to effective theories with a well-defined regularization prescription-the notion of quark vacuum condensate for m = 0 is ambiguous. Rows 5,6,7: contributions of the discrete level NcE lev and the continuum NcEcont to the total soliton energy E sol = Nc(E lev + Econt), see eq. (9), to be identified with the nucleon mass in the model. The numerical numbers confirm within the studied range of m the heavy quark limit discussed in sect. 2.3. However, the above considerations are formal, since the crucial step consists in demonstrating that a stable soliton solution indeed exists, i.e. that a self-consistent profile can be found for which the soliton energy (9) takes a minimum. In practice, we find that stable soliton solutions exist at least up to m = O(700 MeV), which is sufficient for a comparison to lattice QCD results. In this range we observe a tendency to approach the limit (18) from below as expected, see table 1. Thus, we find that both the pion and the nucleon mass are correctly described in the effective theory when the current mass of the quarks becomes large.
Fixing of parameters
When studying the nucleon mass as a function of m π we must specify what is fixed and what varies in the chiral limit. Here we make the following choice. We keep the dynamical constituent quark mass M = 350 MeV and f π = 93 MeV fixed. In this way we obtain the results shown in table 1 and plotted as solid line in fig. 1 . The meaning of the dashed curve in fig. 1 is explained in appendix B where a digression is given on the pion-nucleon sigma-term related to the slope of M N (m π ).
It should be noted that keeping f π fixed in the chiral limit is a choice often considered in the literature. However, at this point other choices could be considered as well. E.g., one could fix the pion decay constant to its value F = 88 MeV in the chiral limit, or allow f π to be m π -dependent, which strictly speaking is the case in χPT and in lattice QCD. In χPT
wherel 4 is a low energy constant [13, 14] . In lattice calculations f π increases with larger m π , exceeding its physical value by about 40% at m π ∼ 1 GeV, e.g. [42] . A more consistent way of fixing model parameters could consists in choosing Λ cut (and/or M ) such that in the model f π (m π ) satisfies (19) with the correct value forl 4 , and agrees in each case with lattice results at large m π . Remarkably, eq. (19) holds in the model and parameters can be fixed to reproducel 4 correctly [35] . However, it is a subtle issue, how to simulate in a chiral model the lattice situation in a realistic way. There a common procedure is to keep fixed all bare lattice parameters but the bare current quark mass (the hopping parameter). In some sense, the dimensionful quantity, which is kept fixed in lattice calculations while m π "is varied", is the Sommer scale [43] defined by the notion of the heavy quark potential -absent in chiral models.
Notice that the χQSM describes numerous observables to within an accuracy of typically (10-30)% [31] , but cannot be expected to be much more precise than that. Overestimating the value of f π in the chiral limit by 5% or underestimating its lattice values by 30% (or 40%) lies within the accuracy of the model. Note that changing f π (at non-physical m π ) would alter in particular the values of the cutoff Λ cut and consequently change M N in table 1. Since f π and M N depend on Λ cut logarithmically and thus weakly, these changes may be expected to be small and within the accuracy of the model.
From a practical point of view, our choice to keep f π fixed to its physical value may be considered as one effective prescription, whose consequences one may think absorbed in the unavoidable model dependence of the results.
It would be interesting to consider other effective prescriptions which would provide more insights into the model dependence of our study. This is, however, beyond the scope of this work and subject to further investigations [44] .
Comparison to lattice data
In this section we compare M N (m π ) from χQSM with lattice results on the nucleon mass from refs. [4] [5] [6] [7] [8] [9] [10] [11] . Wherever possible we will use only such lattice data, where all bare lattice parameters where kept fixed apart from the current quark mass (or the hopping paramater).
M N (m π ) from the model overestimates the lattice data by about 300 MeV which is expected, if we recall the discussion in sect. 2.1. Remarkably we observe that it is possible to introduce an m π -independent subtraction constant C = O(300 MeV) depending on the lattice data, such that [M N (m π ) − C] agrees well with the lattice data.
In fig. 2a we compare the χQSM result for M N (m π ) to full lattice data by the UKQCD and QCDSF Collaborations [6, 7] [43] . Other lattice spacings quoted below were also determined by means of this popular method which, however, is not free of criticism [45] . A best fit yields C = 329 MeV with a χ 2 per degree of freedom of χ 2 dof = 0.7 and is shown in fig. 2a . The uncertainty of the constant C due to the statistical error of the lattice data is of the order of magnitude of few MeV, see table 2, and thus negligible, see the remarks in footnote 1.
For comparison in fig. 2a also data by the UKQCD and QCDSF Collaborations [6, 7] are shown from smaller lattices L = 1.5 fm to 1.7 fm. Finite-size effects are clearly visible, and were subject to a detailed study in ref. [7] . Since the present χQSM calculation by no means is able to simulate finite-volume effects, we restrict our study to data from lattices with L 2 fm. The study of ref. [7] indicates that for lattices of this size finite-volume effects can be assumed to be small. Also, in this work we consider data obtained from lattices with spacings a ≤ 0.13 fm and assume discretization effects to be negligible. Such effects are difficult to control systematically [46] .
In fig. 2b the χQSM result for M N (m π ) is compared to lattice data by the JLQCD Collaboration from ref. were a = 0.09 fm to 0.13 fm and L = 2.22 fm to 3.12 fm with pion masses in the range 500 MeV ≤ m π ≤ 1 GeV, such that m π L 7. We observe that M N (m π ) from the χQSM with a subtraction constant C = 331 MeV with χ Next, we confront the model results for M N (m π ) to lattice data from dynamical two-flavour simulations with domain wall fermions by the RBC Collaboration [8] , which have the virtue of preserving chiral invariance. In ref. [8] a renormalization group improved ("doubly blocked Wilson") gauge action with β = 0.80 was used on a 16
3 × 32 lattice with the physical spacing of 0.12 fm and a lattice size about 2 fm. The range of pion masses was m π = 470 MeV to 650 MeV. The best fit yields for the constant C = 306 MeV with χ 2 dof = 0.02, and provides a very good description of the data, see fig. 2e .
In fig. 2f we compare M N (m π ) from the χQSM with 2001 lattice data by the MILC Collaboration [9] obtained from simulations with three dynamical quarks using a one- Table 2 . Comparison of the MN (mπ) obtained from the χQSM to the lattice data [4] [5] [6] [7] [8] [9] [10] [11] . For convenience we quote the lattice sizes and spacings and the range of mπ covered in the lattice simulations in physical units which were fixed by the Sommer method [43] . The soliton approach generally overestimates [41] the nucleon mass at the physical point by about 300 MeV, see eq. (13). We find a similar overestimate at the respective lattice values of mπ. Correcting for this overestimate by introducing a mπ-independent subtraction constant C to be fitted to the respective lattice data set, we observe a good agreement [MN (mπ)−C] with the lattice data, see figs. 2 and 3. The 5th row shows the fit results for the constant C and its 1-σ uncertainty due to the statistical error of the lattice data, and the 6th row shows the χ 2 per degree of freedom (χ 2 dof ) of the respective fit. Also the "extrapolated" (within the χQSM) value of the nucleon mass at the physical point (MN ) is included. It has the same uncertainty as the fit-constant C, which is due to the statistical error of lattice data and practically negligible, see the remark in footnote 1. It has also an unestimated systematic error due to model-dependence, see sect. 4.
Collaboration
Lattice loop Symanzik improved gauge action and an improved Kogut-Susskind quark action. The physical lattice size was tuned to L = 2.6 fm with a lattice spacing of 0.13 fm and the range of pion masses 340 MeV ≤ m π ≤ 2.2 GeV was covered. The best fit yields C = 256 MeV for the subtraction constant (with χ 2 dof = 1.2). One could worry whether the SU (2) model results can be compared to three-flavour lattice simulations, though in [9] for the nucleon mass no significant differences were noticed between two-and three-flavour runs. However, as noted in sect. 2, the nucleon mass is the same in the SU (2) and SU (3) versions of the χQSM if m u = m d = m s , which is the case for the lattice data [9] for m π > 700 MeV. Restricting the fitting procedure to this range of m π (the last three points in fig. 2f ) we obtain C = 260 MeV (with χ 2 dof = 1.9). This fit is shown in fig. 2f . Note that it is practically indistinguishable, cf. footnote 1, from the fit where the whole m π -range (i.e. also data with m u = m d < m s ) was used, and it equally well describes the region of lower m π . In any case we observe a good agreement with the lattice data [9] up to m π = 1.5 GeV.
We include in fig. 2f also the recent small-m π (2004) MILC data [10] from the "coarse" lattices with L = 20 (or L = 24 for the lowest m π -value) which have a lattice spacing a ≈ 0.12 fm comparable to [9] . These data are not compatible with the χQSM result. In this context it is important to note that the simulation for the highest m π -value of the 2004 MILC data [10] is an extended run of the simulation for the lowest m π of the 2001 data [9] . One would therefore expect that they coincide in the plot in fig. 2f , which is not the case. In fact, the MILC data [9, 10] for this particular simulation are well consistent with each other in lattice units: am π and aM N from these runs agree within statistical error bars.
The discrepancy of the results from [9, 10] in fig. 2f is due to the different values for r 1 -a parameter defined similarly to the Sommer scale r 0 and used to fix the physical units in [9, 10] . Different methods were used to determine the physical unit of r 1 -resulting in the value r 1 = 0.35 fm in [9] , and r 1 = 0.324(4) fm in [10] . Had we used the r 1 -value from [9] to give physical units to the dimensionless lattice numbers for am π and aM N from [10] , then the two data sets would perfectly agree in fig. 2f , and the 2004 data would be compatible with the χQSM results. The precise determination of the physical units of lattice data is a difficult issue [43, 45] , see also [9, 10] .
It is instructive to compare the model results also to lattice data obtained from simulations performed in the quenched approximation, e.g., by the CSSM Lattice Collaboration [11] , where a mean-field improved gauge action and a fat-link clover fermion ("FLIC") action was used on a 16 3 × 32 lattice with a lattice spacing of a = 0.125 fm. The calculation covers the range 540 MeV ≤ m π ≤ 920 MeV. A best fit to the quenched data gives C = 345 MeV (with a χ 2 dof = 1.3) which yields a good agreement with the lattice data, see fig. 3a .
For the quenched data by the MILC Collaboration [9] , however, we observe that a fit would work much worse. In this case we refrain from fitting and show instead in fig. 3b the fit to the full MILC data from fig. 2f , which nicely illustrates how results from full and quenched calculations differ. Interestingly, at large m 2 π the full and quenched data of ref. [9] agree well with eachother. In fact, it is not suprising that differences between full and quenched simulations become less pronounced with increasing m 2 π , i.e. with increasing fermion masses.
Thus, we observe that the χQSM result for M N (m π ) supplemented by an m π -independent subtraction constant C (whose precise value follows from a best fit to the respective lattice data) is able to describe the lattice data [4] [5] [6] [7] [8] [9] [10] [11] However, what does not need to be negligible, is the systematic error of such an extrapolation. First of all, this extrapolation is done within the χQSM, and the results are model dependent. E.g., handling the model parameters in the chiral limit differently would change our results -though one may expect a qualitatively similar picture, see the discussion in sect. 2.4. Apart from this source of model dependence, which will be subject to future numerical studies [44] , there are principal difficulties to estimate reliably the systematic error within the model, as we shall see in the following.
Let us first address the question of the range of reliability of the χQSM description of M N (m π ). For that it is instructive to compare to χPT and the effective FRR approach. χPT to O(p 4 ) was argued to provide a reliable expansion for M N (m π ) up to m 2 π < 0.4 GeV [15] [16] [17] [18] (p is to be identified with the generic small expansion parameter in χPT, e.g., in our context pion mass). A more conservative bound m 2 π < 0.1 GeV 2 was given in [19] . The effective FRR approach was argued to correspond to a partial resummation of the chiral expansion, and to be valid up to m 2 π < 1 GeV 2 [24] (which comes, of course, at the prize of introducing model dependence, see the discussion in sect. 1).
What might be the range of reliability of the χQSM? Recall that the χQSM expression for the nucleon mass (as well as for any other quantity) may be considered as a resummed infinite series in derivatives of the chiral field U = exp(iτ a π a ), cf. eq. (11), whereby it is understood that each chiral order is evaluated in the large-N c limit. (Keep in mind that these limits do not commute, see sect. 2.2.) Thus, one may argue that the χQSM corresponds to a chiral expansion, which is completely resummed -to leading order of the large-N c expansion. If one were happy with this approximation, then χQSM results could be considered reliable for all m π including the heavy quark limit, see the discussion in sect. 2.3. It must be stressed, that -as in the case of the FRR approach-this chiral resummation is performed within a particular model of the nucleon. Thus, our results and conclusions are inevitably model dependent.
The wide range of reliability of the χQSM we observe in practice is illustrated in fig. 4 , where we show the χQSM-fit to the MILC lattice data [9] and the χPT-fit from [17] . (For further details see sect. 5.) Fig. 4 . Lattice data by MILC [9] on MN (mπ) vs. mπ and the fits to these data in χPT from ref. [17] (where the physical value of MN was used as input) and in the χQSM, cf. fig. 2f . The figure illustrates the wide range of applicability of the χQSM.
The perhaps most serious restriction might be that the χQSM assumes the number of colours N c to be large. What might be the effects due to 1/N c corrections?
Let us consider the mass difference between the ∆-resonance and the nucleon as a measure for such corrections. Note that this mass difference vanishes not only in the large-N c limit, see eq. (16), but also in the heavy quark limit [34] . This is supported by lattice results [4, 9, 11] , where always ∆ ≡ M ∆ − M N < m π holds. (This means that on present day lattices the ∆-resonance is safe from strong decays and thus a stable particle.) In the region m 
is satisfied, such that the ∆-nucleon mass difference can be neglected to a good approximation. This may be a reason for the good description of lattice data in the χQSM up to m 2 π ≤ 2.3 GeV 2 in sect. 3. However, in the physical region ∆ = 290 MeV is larger than m π = 140 MeV, and the leading-order large-N c treatment of the nucleon mass inevitably introduces a serious systematic error. In fact, one could express the nucleon mass as a function of m π and y = ∆/m π as
Then, using the χQSM as a guideline for the extrapolation of lattice data corresponds to approximating
It is difficult to quantify the systematic error associated with this approximation. A very rough estimate of this error within the model is given in appendix C. Finally, let us discuss the role of the subtraction constant C. As mentioned in sect. 2 the appearence of such a constant is theoretically well motivated and understood in the soliton approach [41] . The comparison to lattice data indicates that this constant is about C = O(300 MeV) and m π -independent in the covered m π -range within the statistical accuracy of the lattice data, see table 2. Although this happens to be the magnitude for this constant needed for the model result to coincide with the physical value of the nucleon mass, see eq. (13), it would be premature to assume the constant C to be m π -independent for all m π . However, this is what we implicitly did when quoting the extrapolated values for M N in table 2. The question, whether or not the constant C is m π -dependent, cannot be answered rigorously within the model.
As an intermediate summary, we conclude that besides the general drawback of being model dependent, the use of the χQSM as a guideline for an extrapolation of lattice data is limited by two major sources of systematic error, namely 1/N c corrections and a possible m π -dependence of the constant C. Both are not under control within the model and prevent a reliable estimate of the systematic error of the extrapolation. At this point it is instructive to compare to χPT and the FRR model, which may give us a rough idea about the size of the systematic effects.
Comparison to χPT and FRR
In order to test the results from the χQSM below the m π -range available from lattice QCD we have to compare to χPT which allows to connect model independently lattice data through the physical point to the chiral limit. In the following we shall focus on the analyses [7, 16, 17] in χPT up to O(p 4 ) (and refer to them simply as χPT). To this order the chiral expansion of the nucleon mass is characterized by 4 low-energy constants -or more precisely, by 4 linearly independent combinations of them. These constants are in principle known from studies of nucleonnucleon or pion-nucleon low-energy scattering data. However, they can alternatively be determined from a fit to lattice data. Figure 5a shows the M N (m π ) as obtained in χPT from fits to the lattice data [4] [5] [6] [7] satisfying a < 0.15 fm, m π L > 5 and, respectively, the constraint m π < 800 MeV in ref. [7] , and m π < 600 MeV in ref. [16] . Also shown in fig. 5a is the fit of ref. [17] to the MILC data [9] , where a simultaneous fit to lattice data on M ∆ (m π ) was performed. In [16, 17] the physical values of the nucleon and/or ∆-mass were included as constraints to the fit. Note that low-energy constants resulting from the different fits [7, 16, 17] are compatible with the respective phenomenological values. From this point of view the different lattice data in fig. 5a are consistent with each other. For comparison in fig. 5a our χQSM-fits to the same data sets are shown.
Notice that the two highest-m π data points (marked by empty circles in fig. 5a ) by the UKQCD Collaboration [6, 7] were obtained from somehow smaller lattices of the size L = 1.56 fm and 1.68 fm and clearly do not follow the tendency of the M N (m π ) from the χQSM. These points are therefore omitted from the fit shown in fig. 5a . Including these points significantly worsens the χ 2 dof of the fit, see table 3 where the results are summarized. Since the χQSM description of the lattice data effectively works also at significantly larger m π , see sects. 3 and 4 and cf. fig. 4 , we conclude that, quoting ref. [16] , "the surprizingly good ( and not yet understood) agreement with lattice data (above m π > 600 MeV) even up to m π ≈ 750 MeV" is an accidental consequence of comparing χPT to O(p 4 ) at the edge (if not above) of its range of applicability to lattice data where finite-size effects start to play a role.
In fact, up to m π (500-550) MeV the χPT to O(p 4 ) [7, 16, 17] and the χQSM describe M N (m π ) in good qualitative agreement, see fig. 5a . Beyond this point, however, the nucleon mass as a function of m 2 π from χPT in refs. [7, 16] changes the curvature, indicating that the range of reliability of χPT to O(p 4 ) could be m π 500 MeV (which, in fact, is not far from the generally assumed bound m π < 600 MeV). This contrasts the χQSM result exhibiting, in agreement with lattice data, negative curvature up to the highest considered m 2 π . With the above considerations in mind, we conclude that the χQSM describes lattice data [4] [5] [6] [7] constrained by a < 0.15 fm, m π L > 5 and L ≥ 2 fm very well, see fig. 5a and cf. fig. 4 . In the range below m π 500 MeV we observe a good qualitative and quantitative agreement of [4] [5] [6] [7] and the corresponding fits in χPT to O(p 4 ) from refs. [7, 16] , in comparison with lattice data by MILC [9] and the fit in χPT to O(p 4 ) from ref. [17] . (b) Lattice data by CP-PACS [4] and the fit in the finite-range regulator approach (with a dipole regulator) [24] . In both figures the respective χQSM-fits are shown. [4] [5] [6] [7] subject to the constraints a < 0.15 fm, mπL > 5 and, respectively, mπ < 800 MeV in ref. [7] , and mπ < 600 MeV in ref. [16] . For comparison the χQSM-fits to the same data set, and to the same data set subject to the additional condition L ≥ 2 fm are shown. The error of MN due to the statistical uncertainty of the lattice data and the χ χPT to O(p 4 ), "Fit I" in ref. [7] 948 ± 60 ± syst 1.7 χPT to O(p 4 ), "Fit II" in ref. [16] 
the χQSM with χPT to O(p 4 ) [7, 16, 17] . In this range the curves for M N (m π ) from the two approaches agree with each other to within an accuracy of 50 MeV and better, see figs. 4 and 5a. This number may give us a flavour of the magnitude of the systematic error of the χQSM extrapolation of lattice data, though χPT to O(p 4 ) may also have such an intrinsic uncertainty, as indicated in table 3, due to unestimated contributions from O(p 5 ). Next, we consider the effective approach based on the finite-range regulator (FRR) method of ref. [24] . There 5 free parameters appear, which can well be constrained by lattice data thanks to the larger range of applicability of the approach, namely up to m 2 π = 1 GeV 2 . In ref.
[24] different shapes of regulators were exploited and shown to yield practically the same results. Figure 5b shows the 5-parameter fit (using the dipole-type regulator) to the Table 4 . The value of the physical nucleon mass MN as extrapolated from CP-PACS lattice data [4] obtained from lattices of the sizes L = (2.2-3.1) fm with lattice spacings a = (0.09-0.13) fm covering the range 520 Mev ≤ mπ ≤ 970 MeV. As guidelines for the extrapolation the finite-range regulator approach [24] and the χQSM were used. See also the remarks in the caption to table 3.
Method

MN in MeV χ
dof
Finite-range ("dipole") regulator [24] 959 ± 116 ± syst 0.4 χQSM 920 ± 3 ± syst 1.2 CP-PACS lattice data sets with β = 2.1 and 2.2 from ref. [4] . In the χQSM approach with one free parameter only, we were able to fit both data sets separately, see figs. 2c and d. For the sake of comparison we include the combined χQSM-fit in fig. 5b Thus one is led to the conclusion that the FRR method and the χQSM are completely consistent modulo 1/N c corrections.
At the physical point the difference between the values of M N extrapolated by means of the FRR method and the χQSM is about 40 MeV, which again may give us a rough idea on the theoretical uncertainty due to neglecting the ∆-nucleon mass difference. Note that for this rough estimate we use the central value of the extrapolated M N from the FRR approach, see table 4, which has a substantially larger statistical uncertainty arising from fitting 5 parameters to the lattice data. In this respect the χQSM-fit is far more precise.
To summarize, the comparison of the χQSM-based fits and those obtained using the first-principle approach in χPT [7, 16] and the FRR approach [24] leads us to the following conclusion. The systematic uncertainty of M N due to neglecting the finite ∆-nucleon mass-splitting in the χQSM is effectively of the order of magnitude of 50 MeV with the tendency to underestimate the nucleon mass. Noteworthy, a similar result -concerning both sign and order of magnitude-follows from a crude estimate within the model itself, see appendix C.
Recall that we did not consider isospin breaking effects or electromagnetic corrections ∼ O(10 MeV), see footnote 1. Including this we have to assign a systematic error to the χQSM-fits of about (δM N ) syst ≈ 60 MeV. Taking into account a systematic error of this magnitude we observe that the extrapolated values in tables 2, 3 and 4 are all consistent with the physical mass of the nucleon.
We stress that we do not see any possibility to quantify the uncertainty of the χQSM extrapolation of lattice data more quantitatively than that.
Conclusions
The implicit dependence of the nucleon mass M N on the pion mass m π was studied in the large-N c limit in the framework of the chiral quark soliton model. The M N (m π ) in the model exhibits a chiral behaviour and includes leading non-analytic terms which are consistent with the large-N c formulation of QCD [36] . As was shown here, the model describes correctly also the heavy quark limit. The most remarkable observation we make here is that the model results for M N (m π ) well describe lattice data from full simulations [3] [4] [5] [6] [7] [8] [9] over the wide range of pion masses 0.1 GeV 2 < m 2 π < 2.5 GeV 2 , provided one takes into account the generic overestimate of the nucleon mass in the soliton approach [41] . This is done by introducing an m π -independent subtraction constant, i.e. one single parameter to be fitted to the respective lattice data set.
The good description of the lattice data on M N (m π ) can partly be understood as follows. In the χQSM, in the leading order of the large-N c limit, the ∆-nucleon masssplitting ∆ = M ∆ −M N ∼ O(N −1 c ) is neglected. That is a reasonable approximation when comparing to the presentday lattice simulations where ∆ 2 m 2 π holds. However, the remarkable precision, to which the model describes the lattice data, remains a puzzle -to be clarified by further model studies.
We observe that the values for the nucleon mass "extrapolated" from the lattice data [3] [4] [5] [6] [7] [8] [9] on the basis of results from the χQSM are in good agreement with extrapolations based on the first-principle approach in χPT [7, 16] or the effective FRR approach of ref. [24] , and agree with the physical nucleon mass to within 5%. (But one has to keep in mind that at the same time -for the adopted handling of model parameters in the chiral limit-the lattice values of the pion decay constant at large m π ∼ 1 GeV are underestimated by up to 40%.)
It is difficult to exactly quantify the theoretical uncertainty of this extrapolation due to the model dependence. The main limitation for using the χQSM as a guideline for the chiral extrapolation of lattice data is due to the large-N c limit. There is no strict control within the model of the theoretical uncertainty introduced by neglecting the finite ∆-nucleon mass-splitting at the physical point, and we cannot quantify this and other uncertainties due to model dependence quantitatively. This limits the use of the model as a quantitative effective tool for the extrapolation of lattice data. Still, the model may provide interesting qualitative insights -in particular in those cases when the matching between lattice results and χPT is difficult. A prominent example for that are (moments of) structure functions. In order to use the χQSM as a qualitative, but within its model accuracy reliable device, which is helpful for a comparison of lattice results to experimental data, further model studies are necessary -concerning the issue of handling model parameters in the chiral limit as well as addressing other observables [44] .
From the model point of view the observations made in this work also contribute to a better understanding of the physics which underlies the chiral quark-soliton model, and may -that is our hope-stimulate further studies in this direction in this, and perhaps also other models. Focusing on the linear-order correction in ∆ and neglecting higher orders, we see that by neglecting ∆ one underestimates the nucleon mass by about 70 MeV at the physical value of the pion mass. This is in good agreement with the systematic uncertainty roughly estimated in sect. 4.
